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ABSTRACT
◆❡t✇♦r❦ ♥❡✉tr❛❧✐t② ❤❛s r❡❝❡♥t❧② ❛ttr❛❝t❡❞ ❛ ❧♦t ♦❢ ❛tt❡♥t✐♦♥
❜✉t s❡❛r❝❤ ♥❡✉tr❛❧✐t② ✐s ❛❧s♦ ❜❡❝♦♠✐♥❣ ❛ ✈✐✈✐❞ s✉❜❥❡❝t ♦❢ ❞✐s✲
❝✉ss✐♦♥ ❜❡❝❛✉s❡ ❛ ♥♦♥✲♥❡✉tr❛❧ s❡❛r❝❤ ♠❛② ♣r❡✈❡♥t s♦♠❡ r❡❧✲
❡✈❛♥t ❝♦♥t❡♥t ❢r♦♠ ❜❡✐♥❣ ❛❝❝❡ss❡❞ ❜② ✉s❡rs✳ ❲❡ ♣r♦♣♦s❡ ✐♥
t❤✐s ♣❛♣❡r t♦ ♠♦❞❡❧ t✇♦ s✐t✉❛t✐♦♥s ♦❢ ❛ ♥♦♥✲♥❡✉tr❛❧ s❡❛r❝❤
❡♥❣✐♥❡ ❜❡❤❛✈✐♦r✱ ✇❤✐❝❤ ❝❛♥ r❛♥❦ t❤❡ ❧✐♥❦ ♣r♦♣♦s✐t✐♦♥s ❛❝✲
❝♦r❞✐♥❣ t♦ t❤❡ ♣r♦✜t ❛ s❡❛r❝❤ ❝❛♥ ❣❡♥❡r❛t❡ ❢♦r ✐t ✐♥st❡❛❞ ♦❢
❥✉st r❡❧❡✈❛♥❝❡✿ t❤❡ ❝❛s❡ ✇❤❡♥ t❤❡ s❡❛r❝❤ ❡♥❣✐♥❡ ♦✇♥s s♦♠❡
❝♦♥t❡♥t✱ ❛♥❞ t❤❡ ❝❛s❡ ✇❤❡♥ ✐t ✐♠♣♦s❡s ❛ t❛① ♦♥ ♦r❣❛♥✐❝ ❧✐♥❦s✱
❛ ❜✐t s✐♠✐❧❛r❧② t♦ ✇❤❛t ✐t ❞♦❡s ❢♦r ❝♦♠♠❡r❝✐❛❧ ❧✐♥❦s✳ ❲❡ ❛♥✲
❛❧②③❡ t❤❡ ♣❛rt✐❝✉❧❛r ✭❛♥❞ ❞❡t❡r♠✐♥✐st✐❝✮ s✐t✉❛t✐♦♥ ♦❢ ❛ s✐♥❣❧❡
❦❡②✇♦r❞✱ ❛♥❞ ❞❡s❝r✐❜❡ t❤❡ ♣r♦❜❧❡♠ ❢♦r t❤❡ ✇❤♦❧❡ ♣♦t❡♥t✐❛❧
s❡t ♦❢ ❦❡②✇♦r❞s✳
Categories and Subject Descriptors
❈✳✷✳✸ ❬❈♦♠♣✉t❡r ❙②st❡♠s ❖r❣❛♥✐③❛t✐♦♥❪✿ ❈♦♠♣✉t❡r✲
❈♦♠♠✉♥✐❝❛t✐♦♥ ◆❡t✇♦r❦s✖◆❡t✇♦r❦ ❖♣❡r❛t✐♦♥s
General Terms
❊❝♦♥♦♠✐❝s✱ ◆❡✉tr❛❧✐t②✱ ❙❡❛r❝❤ ❡♥❣✐♥❡s
1. INTRODUCTION
◆❡t✇♦r❦ ♥❡✉tr❛❧✐t② ❤❛s ❜❡❝♦♠❡ ❛ ✈❡r② ❤♦t t♦♣✐❝ ✐♥ t❤❡
♣❛st ❢❡✇ ②❡❛rs ❬✼✱ ✶✷❪✱ ❛t t❤❡ s❛♠❡ t✐♠❡ ❢r♦♠ ♣♦❧✐t✐❝❛❧✱ ❡❝♦✲
♥♦♠✐❝✱ ❞❛✐❧②✲❧✐❢❡ ♣♦✐♥ts ♦❢ ✈✐❡✇✱ ❜❡❝❛✉s❡ ✐t ♠❛② r❡❢❛s❤✐♦♥
t❤❡ ■♥t❡r♥❡t ❛♥❞ ✐♥ ❣❡♥❡r❛❧ t❤❡ t❡❧❡❝♦♠♠✉♥✐❝❛t✐♦♥s ✈✐s✐♦♥
❛♥❞ ❢✉t✉r❡✳ ❇❛s✐❝❛❧❧②✱ t❤❡ ♣r✐♥❝✐♣❧❡ ✐s t❤❛t ■♥t❡r♥❡t s❡r✲
✈✐❝❡ ♣r♦✈✐❞❡rs ✭■❙Ps✮ ❝♦♠♣❧❛✐♥ t❤❛t ♠❛❥♦r ❝♦♥t❡♥t ♣r♦✈✐❞❡rs
✭❈Ps✮ ❤❛✈❡ t❤❡✐r tr❛✣❝ ✢♦✇✐♥❣ t❤r♦✉❣❤ t❤❡✐r ♥❡t✇♦r❦s✱ ❛r❡
r❡s♦✉r❝❡ ❝♦♥s✉♠✐♥❣✱ ❛♥❞ ❞♦ ♥♦t ♣❛② ❛♥② ❢❡❡ ❢♦r t❤❛t ✇❤✐❧❡
❈Ps✬ r❡✈❡♥✉❡ r❡♣r❡s❡♥ts ❛♥ ✐♠♣♦rt❛♥t ✭❛♥❞ ✐♥❝r❡❛s✐♥❣✮ ♣❛rt
♦❢ t❤❡ t♦t❛❧ ♥❡t✇♦r❦✲r❡❧❛t❡❞ ♠♦♥❡②✳ ❇❡❝❛✉s❡ ♦❢ t❤❛t✱ ■❙Ps
t❤r❡❛t t♦ ❛s❦ s✐❞❡ ♣❛②♠❡♥ts t♦ t❤♦s❡ ❈Ps✱ t♦ ❝✉t t❤❡✐r ❛❝✲
❝❡ss✱ ♦r t♦ ❞♦✇♥❣r❛❞❡ t❤❡✐r q✉❛❧✐t② ♦❢ s❡r✈✐❝❡✳ ❚❤✐s ✇♦✉❧❞
✈✐♦❧❛t❡ t❤❡ ♥❡✉tr❛❧✐t② ♣r✐♥❝✐♣❧❡✱ st❛t✐♥❣ t❤❛t ❛❧❧ ❝♦♥s✉♠❡rs
❛r❡ ❡♥t✐t❧❡❞ t♦ r❡❛❝❤ ♠❡❛♥✐♥❣❢✉❧ ❝♦♥t❡♥t✱ ❛♥❞ t❤❛t ♣❛❝❦❡ts
s❤♦✉❧❞ ♥♦t ❜❡ ❞✐✛❡r❡♥t✐❛t❡❞✳ ❚❤❛t st❛♥❝❡ ❤❛s r❡❝❡✐✈❡❞ ❛ ❧♦t
♦❢ ♣r♦t❡sts ❢r♦♠ ❈Ps ❛♥❞ ✉s❡rs ❛ss♦❝✐❛t✐♦♥s ❝❧❛✐♠✐♥❣✱ ❛♠♦♥❣
♦t❤❡r r❡❛s♦♥s✱ t❤❛t ✐t ✇♦✉❧❞ ❜❡ ❛♥ ✐♠♣❡❛❝❤♠❡♥t ♦❢ ❢r❡❡❞♦♠
♦❢ s♣❡❡❝❤✳ ❚❤✐s ❞❡❜❛t❡ ✐♥❞✉❝❡s ❛ ❧♦t ♦❢ ❝❤❛❧❧❡♥❣❡s ❢r♦♠ ❛
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♠♦❞❡❧✐♥❣ ❛♥❞ ❛♥❛❧②s✐s ♣♦✐♥t ♦❢ ✈✐❡✇✱ s❡❡ ❬✶✕✸✱✻✱✶✶❪✱ ✇✐t❤♦✉t
❜❡✐♥❣ ❡①❤❛✉st✐✈❡ ♦♥ t❤❡ ❧✐st ♦❢ r❡❧❡✈❛♥t r❡❢❡r❡♥❝❡s✳
❚❤♦✉❣❤✱ ✇❤✐❧❡ ✇❡ ❛❣r❡❡ ❛❜♦✉t t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ ❞✐s❝✉ss✐♥❣
t❤❡ ♥❡✉tr❛❧✐t② ♦❢ ■❙Ps✱ ✇❡ ❜❡❧✐❡✈❡ t❤❛t s♦♠❡ ❛❝t♦rs✱ ♥❛♠❡❧②
s❡❛r❝❤ ❡♥❣✐♥❡s✱ ❛r❡ str❛♥❣❡❧② ❢♦r❣♦tt❡♥ ✐♥ t❤❡ ❞❡❜❛t❡ ✭s❡❡
❛❧s♦ ❬✹❪ ❢♦r s♦♠❡ ❡❧❡♠❡♥ts ♦♥ t❤✐s✮✳ ■♥❞❡❡❞✱ ♦♥❡ ❤❛s t♦ ♥♦✲
t✐❝❡ ✜rst t❤❛t s❡❛r❝❤ ❡♥❣✐♥❡s ♣❧❛② ❛ ❦❡② r♦❧❡ ✐♥ t❤❡ ■♥t❡r♥❡t✱
s✐♥❝❡ ✐♥ ♠♦st ❝❛s❡s ❡♥❞ ✉s❡rs ✉s❡ t❤❡♠ ❜② ❞✐❛❧✐♥❣ ❛ ❦❡②✇♦r❞
✐♥ ♦r❞❡r t♦ r❡❛❝❤ t❤❡ ♠♦st r❡❧❡✈❛♥t r❡❧❛t❡❞ ❝♦♥t❡♥t✳ ❆ ❜✐❛s❡❞
s❡❛r❝❤ ❡♥❣✐♥❡ ❝♦✉❧❞ s♦♠❡✇❤❛t ✏❝✉t✧ ❈Ps ❢r♦♠ ❡♥❞ ✉s❡rs ✐❢
✐t ❞❡❧✐❜❡r❛t❡❧② ♦♠✐tt❡❞ t❤❡♠ ✐♥ t❤❡ ❧✐st ♦❢ ❞✐s♣❧❛②❡❞ ❧✐♥❦s✳
❙❡❝♦♥❞✱ s❡❛r❝❤ ❡♥❣✐♥❡ ❛❞✈❡rt✐s✐♥❣ ❤❛s ❜❡❝♦♠❡ ❛♥ ✐♠♣♦rt❛♥t
❜✉s✐♥❡ss✱ t❤❡ ❝♦♠❜✐♥❡❞ r❡✈❡♥✉❡ ♦❢ t❤❡ t✇♦ ♠❛✐♥ ❛❝t♦rs ✐♥
t❤❡ ❛r❡❛✱ ❨❛❤♦♦✦ ❛♥❞ ●♦♦❣❧❡✱ ❜❡✐♥❣ ♠♦r❡ t❤❛♥ ✩✶✶ ❜✐❧❧✐♦♥
✐♥ ✷✵✵✺ ❢♦r ✐♥st❛♥❝❡ ❬✶✸❪✱ ❛♥❞ t❤✐s ❜✉s✐♥❡ss ✐s ❡①♣❡❝t❡❞ t♦
❝♦✉♥t ❢♦r ❛❜♦✉t ✹✵✪ ♦❢ t♦t❛❧ ❛❞✈❡rt✐s✐♥❣ r❡✈❡♥✉❡ ❬✽❪✳ ❚❤♦s❡
r❡✈❡♥✉❡s ❛r❡ ♦❜t❛✐♥❡❞ t❤❛♥❦s t♦ ❝❧❡❛r❧② ❞❡❝❧❛r❡❞ s♣♦♥s♦r❡❞
❧✐♥❦s t❤❛t ❝❛♥ ❜❡ ❢♦✉♥❞ ✉s✉❛❧❧② ❛t t❤❡ t♦♣ ♦r ❛t t❤❡ r✐❣❤t
♦❢ t❤❡ ♣❛❣❡ ❞❡t❛✐❧✐♥❣ t❤❡ r❡s✉❧ts ♦❢ t❤❡ s❡❛r❝❤ ❬✾❪✳ ❇✉t ✇❤❛t
♠❛❞❡ t❤❡ s✉❝❝❡ss ♦❢ s❡❛r❝❤ ❡♥❣✐♥❡s ✭❢♦r ❡①❛♠♣❧❡ ●♦♦❣❧❡✬s
❜r❡❛❦t❤r♦✉❣❤✮ ✐s t❤❡ r❡❧❡✈❛♥❝❡ ♦❢ t❤❡ r❛♥❦✐♥❣ ♦❢ s♦✲❝❛❧❧❡❞
♦r❣❛♥✐❝ ❧✐♥❦s✱ ✐✳❡✳✱ ♥♦♥✲❝♦♠♠❡r❝✐❛❧ ❧✐♥❦s ❞✐s♣❧❛②❡❞ ❜② s❡❛r❝❤
❡♥❣✐♥❡s ❛♥❞ r❛♥❦❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡✐r ❛♣♣r♦♣r✐❛t❡♥❡ss r❡✲
❧❛t❡❞ t♦ t❤❡ ❦❡②✇♦r❞✭s✮✳ ■♥ t❤✐s ❝❛s❡✱ ❛ ♥❡✉tr❛❧ r❛♥❦✐♥❣✱
❜❛s❡❞ ♦♥❧② ♦♥ r❡❧❡✈❛♥❝❡ ✐s ❡①♣❡❝t❡❞✳ ❆ ♥♦♥✲♥❡✉tr❛❧ s❡❛r❝❤
❡♥❣✐♥❡ ❝♦✉❧❞ ♣✉s❤✱ ✐♥ ♦r❣❛♥✐❝ r❛♥❦✐♥❣s✱ s♦♠❡ ♣❛②✐♥❣ ❝♦♥✲
t❡♥t ❛❤❡❛❞ ♦❢ ♠♦r❡ r❡❧❡✈❛♥t ❧✐♥❦s✳ ❆♥♦t❤❡r ♣♦ss✐❜✐❧✐t② ❢♦r ❛
s❡❛r❝❤ ❡♥❣✐♥❡ ✇♦✉❧❞ ❜❡ t♦ ❢❛✈♦r s♦♠❡ ❝♦♥t❡♥t t❤❛t ✐t ♦✇♥s✳
❚❤✐s ❦✐♥❞ ♦❢ ❜❡❤❛✈✐♦r ✐s t②♣✐❝❛❧❧② ✇❤❛t ❤❛s ❜❡❡♥ r❡❝❡♥t❧②
r❡♣r♦❛❝❤❡❞ t♦ ●♦♦❣❧❡✱ ❛❝❝✉s❡❞ t♦ ❢❛✈♦r ❨♦✉t✉❜❡ ❝♦♥t❡♥t✶❀
●♦♦❣❧❡✬s ❈❊❖ ✇❛s ❢♦r❝❡❞ t♦ t❡st✐❢② ✐♥ ❢r♦♥t ♦❢ t❤❡ ❯❙ s❡♥❛t❡✱
❛♥❞ ✐s ❢❛❝✐♥❣ t♦ ❜❡ ❞✐s♠❛♥t❧❡❞ ❜❡❝❛✉s❡ ♦❢ t❤❛t✳ ❘❡♠❛r❦ t❤❛t
❢❛✈♦r✐♥❣ ❈Ps ♣❛②✐♥❣ t♦ ❜❡ r❛♥❦❡❞ ❤✐❣❤❡r ♦r ❢❛✈♦r✐♥❣ ②♦✉r
♦✇♥ ❝♦♥t❡♥t ♠❡❛♥s ✐♥ ❜♦t❤ ❝❛s❡s ❢❛✈♦r✐♥❣ ❝♦♥t❡♥t ❜r✐♥❣✐♥❣
♠♦r❡ r❡✈❡♥✉❡ t♦ ②♦✉✳
❲❡ ❛✐♠ ✐♥ t❤✐s ♣❛♣❡r ❛t ❞❡s✐❣♥✐♥❣ ❛ ♠♦❞❡❧ t♦ ✉♥❞❡rst❛♥❞
❛ ♥♦♥✲♥❡✉tr❛❧ ❜❡❤❛✈✐♦r ❛♥❞ t♦ ❝♦♠♣❛r❡ ✐t ✇✐t❤ ❛ ♥❡✉tr❛❧
♦♥❡✳ ❚❤✐s ✐s t♦ ♦✉r ❦♥♦✇❧❡❞❣❡ t❤❡ ✜rst ♣❛♣❡r ✐♥ t❤❛t ❞✐✲
r❡❝t✐♦♥ ✭✐♥ t❡r♠s ♦❢ ♠♦❞❡❧✐♥❣ ❛♥❞ ❛♥❛❧②s✐s✮✳ ❲❤✐❧❡ ❜❡✐♥❣
♥♦♥✲♥❡✉tr❛❧ ❝❧❡❛r❧② ❜r✐♥❣s ❛❞❞✐t✐♦♥❛❧ r❡✈❡♥✉❡ t♦ t❤❡ s❡❛r❝❤
❡♥❣✐♥❡✱ ✇❡ ❛❧s♦ ❝❧❛✐♠ ❛♥❞ ❛ss✉♠❡ t❤❛t ✐t ✇♦✉❧❞ ♦r ✇✐❧❧ ❧✐♠✐t
t❤❡ ♥✉♠❜❡r ♦❢ s❡❛r❝❤❡s ❜❡❝❛✉s❡ ❡♥❞ ✉s❡rs ✇✐❧❧ ❜❡ ❧❡ss s❛t✲
✐s✜❡❞ ✭❢♦r ❡①❛♠♣❧❡✱ ●♦♦❣❧❡ ✇♦✉❧❞ ❤❛✈❡ ❜❡❡♥ ❧❡ss s✉❝❝❡ss❢✉❧
✶❙❡❡ ❢♦r ✐♥st❛♥❝❡ ❤tt♣✿✴✴✇✇✇✳❣✉❛r❞✐❛♥✳
❝♦✳✉❦✴t❡❝❤♥♦❧♦❣②✴❜❧♦❣✴✷✵✶✶✴s❡♣✴✷✶✴
❡r✐❝✲s❝❤♠✐❞t✲❣♦♦❣❧❡✲s❡♥❛t❡✲❤❡❛r✐♥❣
✐❢ ♥♦♥✲♥❡✉tr❛❧ ❛t ✐ts ❜✐rt❤✱ ❜❡❝❛✉s❡ t❤❡ s❡❛r❝❤ r❡s✉❧ts ✇♦✉❧❞
♥♦t ❤❛✈❡ ❜❡❡♥ ♣❡r❝❡✐✈❡❞ ❛s ❣♦♦❞✮✳
❲❡ t❤❡r❡❢♦r❡ ❞❡s❝r✐❜❡ ✐♥ ❙❡❝t✐♦♥ ✷ t❤❡ ❜❛s✐❝ ❛ss✉♠♣t✐♦♥s
♦❢ ♦✉r ♠♦❞❡❧✳ ❙❡❝t✐♦♥ ✸ ❝♦♠♣❛r❡s t❤❡ ♦✉t❝♦♠❡s ♦❢ ❛ ♥❡✉tr❛❧
❛♥❞ ♥♦♥✲♥❡✉tr❛❧ ❜❡❤❛✈✐♦r ✭❢♦r t✇♦ s✐t✉❛t✐♦♥s ♦❢ ♥♦♥ ♥❡✉tr❛❧✲
✐t②✿ ✇❤❡♥ t❤❡ s❡❛r❝❤ ❡♥❣✐♥❡s ♦✇♥s s♦♠❡ ❝♦♥t❡♥t✱ ❛♥❞ ✇❤❡♥ ✐t
✐♠♣♦s❡s ❛ t❛① ♦♥ t❤❡ ❝♦♥t❡♥t ♣r♦✈✐❞❡rs✮ ✇❤❡♥ ❝♦♥s✐❞❡r✐♥❣ ❛
s✐♥❣❧❡ ❦❡②✇♦r❞✱ ❡✈❡r②t❤✐♥❣ ❜❡✐♥❣ ❞❡t❡r♠✐♥✐st✐❝ ✐♥ t❤❛t ❝❛s❡✳
❙❡❝t✐♦♥ ✹ ♣♦s❡s t❤❡ ♣r♦❜❧❡♠ ✇❤❡♥ r❡q✉❡sts ❛r❡ ❢♦r ✇❤❛t❡✈❡r
❦❡②✇♦r❞✿ ✐♥ t❤❛t ❝❛s❡✱ t❤❡r❡ ✐s ❛ ❞✐str✐❜✉t✐♦♥ ♦✈❡r r❡❧❡✈❛♥❝❡s
❛♥❞ ❣❛✐♥s ♦❢ ♣r♦✈✐❞❡rs ✭❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❦❡②✇♦r❞s✮✱ ❛♥❞ t❤❡
♦♣t✐♠❛❧ ♣♦❧✐❝② ♣r♦❜❧❡♠ ✐s ♣r❡s❡♥t❡❞ ❛s ❛ ❞②♥❛♠✐❝ ♣r♦❣r❛♠✲
♠✐♥❣ ♦♥❡✱ ✇✐t❤ t❤❡ ♥♦♥✲❝❧❛ss✐❝❛❧ ✐ss✉❡ t❤❛t t❤❡ ✏r❡✇❛r❞s✧ ♦r
✏❝♦sts✧ ❞♦ ♥♦t ❞❡♣❡♥❞ ♦♥❧② ♦♥ t❤❡ ❝✉rr❡♥t st❛t❡ ❛♥❞ tr❛♥s✐✲
t✐♦♥✱ ❜✉t ♦♥ t❤❡ ✇❤♦❧❡ ♣♦❧✐❝②✳
2. MODEL DESCRIPTION
2.1 Users
❲❡ ❝♦♥s✐❞❡r ❛ r❛t❡ ♦❢ r❡q✉❡sts λ(r) ♣❡r ✉♥✐t ♦❢ t✐♠❡ t❤❛t
❞❡♣❡♥❞s ♦♥ r✱ t❤❡ ✭❛✈❡r❛❣❡✮ r❡❧❡✈❛♥❝❡ ♦❢ ❞✐s♣❧❛②❡❞ ❧✐♥❦s ✭t♦
❜❡ ❞❡t❛✐❧❡❞ ❧❛t❡r✮✳ λ ✐s ❛ss✉♠❡❞ t♦ ❜❡ ❛♥ ✐♥❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥✳
2.2 Content providers
❈♦♥s✐❞❡r ❛ t②♣✐❝❛❧ s❡❛r❝❤✱ ❛♥❞ ❛ s❡t ♦❢m ❈Ps ✭t❤❡ r❡q✉❡sts
❝❛♥ ❜❡ ❢♦❝✉s✐♥❣ ♦♥ ❛ s✐♥❣❧❡ ❦❡②✇♦r❞✮ t❤❛t ❛r❡ r❡❧❛t❡❞ t♦ ✭♦r
✐♥t❡r❡st❡❞ ✐♥✮ t❤❡ ❦❡②✇♦r❞✳ ❚❤❡ r❡❧❡✈❛♥❝❡ ♦❢ ❈P i ✐s Ri✱ ❛♥❞
✐ts ❛✈❡r❛❣❡ ❣❛✐♥ ♣❡r ❝❧✐❝❦ ♠❛❞❡ ❜② ❈P i ✐s Gi✳
2.3 Search engine
❚❤❡ s❡❛r❝❤ ❡♥❣✐♥❡ ✐s ❛ss✉♠❡❞ t♦ ❞✐s♣❧❛② ❛❧❧ ♣♦ss✐❜❧❡ ❈Ps
✭♥♦ ❧✐♠✐t❡❞ ❛♠♦✉♥t ♦❢ s❧♦ts❀ t❤❡② ♠❛② ❜❡ ❞✐s♣❧❛②❡❞ ♦♥ ❛
s✉✣❝✐❡♥t ♥✉♠❜❡r ♦❢ ♣❛❣❡s ❛s ❝✉rr❡♥t❧② ❞♦♥❡✮✱ ✐✳❡✳✱ t❤❡ m
❈Ps✳
❇✉t t❤❡ ✐♠♣❛❝t ♦❢ t❤❡ r❛♥❦✐♥❣ ✐s t❤r♦✉❣❤ t❤❡ ❝❧✐❝❦✲t❤r♦✉❣❤✲
r❛t❡ ✭❈❚❘✮✱ ❛ss✉♠❡❞ ❞❡❝r❡❛s✐♥❣ ✐♥ t❤❡ r❛♥❦✐♥❣✳ ▲❡t θj ❜❡
t❤❡ ❈❚❘ ♦❢ r❛♥❦ j✱ ✇✐t❤ θ1 > θ2 > · · · > θm.
❲❡ ❝♦♥s✐❞❡r ❛ s✐♥❣❧❡ ❦❡②✇♦r❞✳ λ(r) ✐s t❤❡ ❛rr✐✈❛❧ r❛t❡
♦❢ r❡q✉❡sts ❢♦r t❤❛t s♣❡❝✐✜❝ ❦❡②✇♦r❞✳ ❚❤❡r❡ ❛r❡ m ❝♦♥t❡♥t
♣r♦✈✐❞❡rs ✐♥t❡r❡st❡❞ ✐♥ ✐t ✇✐t❤ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝s ❞❡s❝r✐❜❡❞
❛❜♦✈❡✳ ❚❤❡ r❡❧❡✈❛♥❝❡ ♦❢ t❤❡ r❛♥❦✐♥❣ ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❛s
r =
m∑
i=1
θpi(i)Ri
✇❤❡r❡ pi(i) ✐s t❤❡ r❛♥❦ ♦❢ ❈P i✳
■♥ t❤❡ ♥❡✉tr❛❧ ❝❛s❡✱ t❤❡ r❛♥❦✐♥❣ ✐s ❜❛s❡❞ ♦♥ r❡❧❡✈❛♥❝❡ ♦♥❧②
✭t❤❡ Ri✮✱ ✇❤✐❧❡ ✐♥ t❤❡ ♥♦♥✲♥❡✉tr❛❧ ❝❛s❡✱ ✐t ✐s ❜❛s❡❞ ♦♥ t❤❡
r❡✈❡♥✉❡ ✐t ❜r✐♥❣s t♦ t❤❡ s❡❛r❝❤ ❡♥❣✐♥❡ ✭❙❊✮✳
2.4 Utility functions
❊❛❝❤ ❈P i ✭✐♥ t❤❡ ♥❡✉tr❛❧ ❝❛s❡✱ ❛♥❞ ❡❛❝❤ ❈P ♥♦t ♦✇♥❡❞
❜② t❤❡ ❙❊ ✐♥ t❤❡ ♥♦♥✲♥❡✉tr❛❧ ❝❛s❡✮ ✐s ♥❛t✉r❛❧❧② ❛ss✉♠❡❞ t♦
♠❛❦❡ ❛♥ ❛✈❡r❛❣❡ r❡✈❡♥✉❡ ♣❡r ✉♥✐t ♦❢ t✐♠❡ ❢r♦♠ ❝❧✐❝❦s ✭✐t ❝❛♥
❜❡ t❤r♦✉❣❤ ❞✐r❡❝t s❛❧❡s ♦r t❤❛♥❦s t♦ ❛❞✈❡rt✐s❡♠❡♥t❀ ✇❡ ❞♦
♥♦t ❝❛r❡ ❛♥❞ t❛❦❡ ✐t ❣❡♥❡r❛❧✮
U❈Pi = λ(r)θpi(i)Gi
✇✐t❤ pi(i) t❤❡ r❛♥❦ ♦❢ ❈P i✳
❋♦r t❤❡ ❙❊✿ t❤❡r❡ ✐s t❤❡ ♥❡✉tr❛❧ r❡✈❡♥✉❡ ❝♦♠✐♥❣ ❢r♦♠ s♣♦♥✲
s♦r❡❞ ❧✐♥❦s✿ h(λ(r)) ✇❤❡r❡ h ❝❛♥ ❡❛s✐❧② ❜❡ ❛ss✉♠❡❞ ❧✐♥❡❛r✱
♦r ✐♥❝r❡❛s✐♥❣ ❛♥❞ ❝♦♥❝❛✈❡ ✭t❤❡ ♠♦r❡ ✈✐s✐ts✱ t❤❡ ♠♦r❡ ❝❤❛♥❝❡s
❛❞✈❡rt✐s❡♠❡♥t s❧♦ts ❛r❡ ❝❧✐❝❦❡❞✮✳ ❚❤✐s ✐s t❤❡ ♦♥❧② ❝♦♠♣♦♥❡♥t
✐♥ t❤❡ ♥❡✉tr❛❧ ❝❛s❡✳ ■♥ t❤❡ ♥♦♥✲♥❡✉tr❛❧ ❝❛s❡✱ ✇❡ ❝❛♥ ❤❛✈❡ t✇♦
♦♣t✐♦♥s✿
✶✳ ❛ ♥✉♠❜❡r ♦❢ ❧✐♥❦s m′ < m ❛r❡ ❢r♦♠ t❤❡ ❙❊ ✐ts❡❧❢ ✭❛s
❨♦✉t✉❜❡ ❢♦r ●♦♦❣❧❡✮✱ ❛ss✉♠❡❞ ✇✳❧✳♦✳❣✳ t♦ ❜❡ {1, . . . ,m′}✱
❛♥❞ ❡❛❝❤ t✐♠❡ t❤❡ ❧✐♥❦ ✐s ❝❧✐❝❦❡❞✱ ❛ ❣❛✐♥ Gi ✐s ♦❜t❛✐♥❡❞✱
❧❡❛❞✐♥❣ t♦ ❛♥ ❛❞❞✐t✐♦♥❛❧ r❡✈❡♥✉❡
∑m′
i=1 λ(r)θpi(i)Gi.
✷✳ ❲❡ ❝♦✉❧❞ ❛❧s♦ ❛ss✉♠❡ ❛ ❜❡❤❛✈✐♦r ❡✈❡♥ ✏✇♦rs❡✧ ❜② t❤❡
❙❊✱ ✇❤♦ ♣✉ts ♦♥❧② ✏s♣♦♥s♦r❡❞✧ ❧✐♥❦s ✐♥ t❤❡ ♦r❣❛♥✐❝
r❛♥❦✐♥❣ ❛♥❞ ❣❡ts ❛ ♣r♦♣♦rt✐♦♥ α ♦❢ t❤❡ ❈P r❡✈❡♥✉❡✿
α
∑
i λ(r)θpi(i)Gi.
❆❜♦✉t ✉s❡rs✱ ✇❡ ❝❛♥ r❡♠❛r❦ s✐♠✐❧❛r❧② t♦ ❬✶✵❪ t❤❛t t❤❡ r❛t❡
λ(r) ❝❛♥ ❜❡ r❡❢♦r♠✉❧❛t❡❞ ❛s λ(r) = ΛΦ(r) ✇✐t❤ Λ = λ(∞)
t❤❡ ♠❛①✐♠❛❧ ❛rr✐✈❛❧ r❛t❡✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ r❡q✉❡st r❛t❡
❢♦r ❛ ♠❛①✐♠❛❧ r❡❧❡✈❛♥❝❡ ❧❡✈❡❧✱ ❛♥❞ Φ(r) t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t
❛♥ ❛rr✐✈✐♥❣ r❡q✉❡st ❛❝❝❡♣ts ❛ r❡❧❡✈❛♥❝❡ r✱ ✐✳❡✳✱ r❡q✉✐r❡s r
♦r ❧❡ss ✭✇✐t❤ ✐♥❞❡♣❡♥❞❡♥t r❡❧❡✈❛♥❝❡ ❧❡✈❡❧s❀ ✐♥ st❡❛❞②✲st❛t❡
♦♥❧② r❡q✉❡sts ✇✐t❤ ❛♥ ❛♣♣r♦♣r✐❛t❡ r❡❧❡✈❛♥❝❡ ♦✉t♣✉t ❛r❡ ❛s✲
s✉♠❡❞ t♦ ❜❡ s❡♥t✮✳ ❈♦♥✈❡rs❡❧②✱ ✐❢ ✇❡ ❤❛✈❡ ❛ r❛t❡ λ✱ ✐t ❝♦rr❡✲
s♣♦♥❞s t♦ r❡q✉❡sts ❛s❦✐♥❣ ❢♦r ❛♥ ❛✈❡r❛❣❡ r❡❧❡✈❛♥❝❡ ❧❡✈❡❧ ✉♣
t♦ Φ−1(λ/Λ)✳ ■❢ φ ✐s t❤❡ ❞❡♥s✐t② ❛ss♦❝✐❛t❡❞ t♦ ❞✐str✐❜✉t✐♦♥
Φ✱ t❤❡ t♦t❛❧ r❡❧❡✈❛♥❝❡ ❣♦t ❢r♦♠ ✉s❡rs ✭❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛
t♦t❛❧ ✉s❡r s❛t✐s❢❛❝t✐♦♥✮ ✐s
❯❘ =
∫ r
0
yφ(y)dy.
3. NUMERICAL COMPARISON
❆s ❛♥ ✐❧❧✉str❛t✐♦♥✱ ❝♦♥s✐❞❡r m = 3 r❡❧❡✈❛♥t ❧✐♥❦s✱ ✇✐t❤
(G1, R1) = (3, 2)❀ (G2, R2) = (2, 3) ❛♥❞ (G3, R3) = (1, 1)✳
▲❡t ❛❧s♦ θi = 1/2
i✱ ❛♥❞
λ(r) =
√
min(r, 4).
❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❞❡♥s✐t② ✐s
φ(y) = 1/(4
√
y)1❧{y∈(0,4]}
❛♥❞ ❢♦r ❛ r ∈ [0, 4]✱ ❯❘ = r3/2/6✳ ❲❡ ✜♥❛❧❧② ❛ss✉♠❡ ❛
❧✐♥❡❛r r❡✈❡♥✉❡ ❢r♦♠ s♣♦♥s♦r❡❞ ❧✐♥❦s ❢♦r t❤❡ s❡❛r❝❤ ❡♥❣✐♥❡✱
h(λ) = βλ✳
❚❤❡♥✱ ❛ ♥❡✉tr❛❧ ❡♥❣✐♥❡ ✇♦✉❧❞ r❛♥❦ ✜rst ❈P ✷✱ t❤❡♥ ❈P ✶
❛♥❞ ❈P ✸✱ ❧❡❛❞✐♥❣ t♦
r =
3∑
i=1
θpi(i)Ri = 17/8,
❛♥❞ t❤❡ r❡q✉❡st r❛t❡ ✐s λ =
√
17/8 ≈ 1.4577 ❛♥❞ ❯❘ ≈
0.5163✳ ❚❤❡ r❡✈❡♥✉❡ ♦❢ t❤❡ ❡♥❣✐♥❡ ❢r♦♠ s♣♦♥s♦r❡❞ ❧✐♥❦s ✐s
β
√
17/8✳ ❚❤❡ ❈Ps✬ r❡✈❡♥✉❡s ❛r❡ U❈P1 ≈ 1.0933✱ U❈P2 ≈
1.4577 ❛♥❞ U❈P3 ≈ 0.1822✳
❈♦♥s✐❞❡r ♥♦✇ t❤❡ ❝❛s❡s ✇❤❡♥ t❤❡ ❡♥❣✐♥❡ s❡❡❦s t♦ ❜❡ ♥♦♥✲
♥❡✉tr❛❧✳
✶✳ ❚❤❡ ❡♥❣✐♥❡ ❞♦❡s ♥♦t ♦✇♥ ❛♥② ❝♦♥t❡♥t r❡❧❛t❡❞ t♦ t❤❡
s❡❛r❝❤✱ ❜✉t ❣❡ts ❛ ♣r♦♣♦rt✐♦♥ α ♦❢ t❤❡ r❡✈❡♥✉❡ ♦❢ ❡❛❝❤
❈P ❛s ❛ t❛①✳
❚❤❡♥ ✐ts r❡✈❡♥✉❡ ✐s
U❙❊ = h(λ(r)) + αλ(r)
3∑
i=1
θpi(i)Gi
=
√√√√ 3∑
i=1
θpi(i)Ri
(
β + α
3∑
i=1
θpi(i)Gi
)
.
■♥ ❢✉❧❧ ❣❡♥❡r❛❧✐t②✱ ✇❡ ❤❛✈❡ s✐① ♣♦ss✐❜❧❡ r❛♥❦✐♥❣s t♦ ❧♦♦❦
❛t✱ ❜✉t ❝❧❡❛r❧② r❛♥❦✐♥❣ ❈P ✸ ❛s t❤❡ ❧❛st ✐s t❤❡ ❜❡st ♦♣✲
t✐♦♥ s✐♥❝❡ ✐t ✐s t❤❡ ❧❡❛st r❡❧❡✈❛♥t ❛♥❞ ♠❛❦✐♥❣ t❤❡ s♠❛❧❧✲
❡st ♣r♦✜t✳ ❚❤✐s ❧❡❛✈❡s ✉s ✇✐t❤ t✇♦ ♣♦ss✐❜✐❧✐t✐❡s✱ ❈P ✶
s❤♦✇♥ ✜rst✱ s♦ t❤❛t U❙❊ = U❙❊1 =
√
15/8(β + 17α/8)
♦r ❈P ✷ s❤♦✇♥ ✜rst ✭t❤❡ ♥❡✉tr❛❧ r❛♥❦✐♥❣ t♦♦✮✱ s♦ t❤❛t
U❙❊ = U❙❊2 =
√
17/8(β + 15α/8). ❚❤❡r❡❢♦r❡ ❛ ♥♦♥✲
♥❡✉tr❛❧ r❛♥❦✐♥❣ ♠❛② ❤❛♣♣❡♥ ✐❢ U❙❊1 > U
❙❊
2 ✱ t❤❛t ✐s ✐❢
❛♥❞ ♦♥❧② ✐❢ β < α(17
√
15/17/8−15/8)/(1−
√
15/17) ≈
1.996α. ■♥ ♦t❤❡r ✇♦r❞s✱ ❛♥❞ ❧♦❣✐❝❛❧❧②✱ ✐❢ t❤❡ r❡✈❡♥✉❡
♠❛❞❡ ❢r♦♠ ❛ ✉♥✐t ♦❢ r❡q✉❡st ✐s ♥♦t ❧❛r❣❡ ❡♥♦✉❣❤ ✇✐t❤
r❡s♣❡❝t t♦ t❤❡ r❛t✐♦ ♦❢ r❡✈❡♥✉❡ ❣♦t ❢r♦♠ ❈Ps✱ t❤❡ ❡♥✲
❣✐♥❡ ❤❛s ❛♥ ✐♥t❡r❡st t♦ ❜❡ ♥♦♥✲♥❡✉tr❛❧✳ ❲❡ ❛r❡ ❛❜❧❡ t♦
❝❤❛r❛❝t❡r✐③❡ ❤❡r❡ t❤❡ t❤r❡s❤♦❧❞✳ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥✲
❡r❛❧✐t②✱ ❧❡t ✉s ✜① β = 1✳ ❲❡ ❝❛♥ ❞r❛✇ r❡s♣❡❝t✐✈❡❧② ✐♥
❋✐❣✉r❡ ✶ ❛♥❞ ❋✐❣✉r❡ ✷ t❤❡ ❈Ps✬ ❛♥❞ ❡♥❣✐♥❡✬s r❡✈❡♥✉❡s
❛♥❞ ❯❘ ✐♥ t❡r♠s ♦❢ α✱ ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ❢✉❧❧② ♥❡✉tr❛❧
❝❛s❡ ✭α = 0✮✳
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❋✐❣✉r❡ ✷✿ ❯❘ ✇❤❡♥ t❤❡ ❙❊ ✐♠♣♦s❡s ❛ t❛①
❖♥❡ ❝❛♥ ♥♦t❡ ♦♥ ❋✐❣✉r❡ ✶ t❤❛t t❤❡ ❡♥❣✐♥❡ ❛❧✇❛②s ❣❛✐♥s
❜② ❜❡✐♥❣ ♥♦♥✲♥❡✉tr❛❧❀ ✇❤✐❧❡ t❤❡ ❈Ps ❧♦s❡✱ ✉♣ t♦ t❤❡
♣♦✐♥t ✇❤❡r❡ ❛❧❧ t❤❡ ♠♦♥❡② ❣♦❡s t♦ t❤❡ ❡♥❣✐♥❡ ✇❤❡♥
✐t ❣❡ts t❤❡ ✇❤♦❧❡ r❡✈❡♥✉❡ ✭α = 1✮✳ ❚❤❡r❡ ✐s ✐♥t❡r❡st✲
✐♥❣❧② ❛ ❞✐s❝♦♥t✐♥✉✐t② ✐♥ s♦♠❡ ♦❢ ❈Ps✬ r❡✈❡♥✉❡s ❛t t❤❡
t❤r❡s❤♦❧❞ ✇❤❡♥ t❤❡ r❛♥❦✐♥❣ ❝❤❛♥❣❡s✳ ❋r♦♠ ❋✐❣✉r❡ ✷✱
t❤❡ ❛❣❣r❡❣❛t❡❞ r❡❧❡✈❛♥❝❡ ✐s ✜rst t❤❡ s❛♠❡ ✐♥ t❤❡ ♥❡✉✲
tr❛❧ ❛♥❞ ♥♦♥✲♥❡✉tr❛❧ ❝❛s❡s ✭❢♦r α < 0.50098✮ ❜❡❝❛✉s❡
t❤❡ r❛♥❦✐♥❣ ✐s t❤❡ s❛♠❡ ❛♥❞ ❛❧❧ t❤❡ ✐♠♣❛❝t ✐s ♦♥ ❈Ps✱
❜✉t ✐s r❡❞✉❝❡❞ ❛s s♦♦♥ ❛s t❤❡ t❛① ♦♥ ❈Ps ✐s ❛❜♦✈❡ t❤❡
t❤r❡s❤♦❧❞✳ ■♥ t❤❛t ❝❛s❡✱ ❜♦t❤ ✉s❡rs ❛♥❞ ❈Ps ❧♦s❡ ❢r♦♠
♥♦♥✲♥❡✉tr❛❧✐t②✳
✷✳ ❈P ✶ ✐s ♦✇♥❡❞ ❜② t❤❡ ❡♥❣✐♥❡✳
❚❤❡ ❡♥❣✐♥❡ ❡❛r♥s ♠♦♥❡② ❢r♦♠ s♣♦♥s♦r❡❞ ❧✐♥❦s✱ ❜✉t ❛❧s♦
❢r♦♠ t❤❡ ❝♦♥t❡♥t✱ s♦ t❤❛t ✐ts t♦t❛❧ r❡✈❡♥✉❡ ✐s
U❙❊ = h(λ(r)) + λ(r)θpi(1)G1
= (β + 3θpi(1))
√√√√ 3∑
i=1
θpi(i)Ri.
❚❤❡ ♥❡✉tr❛❧ ❝❛s❡ ❧❡❛❞s t♦ U❙❊ =
√
17/8(β + 3/4).
❇✉t ❞✐s♣❧❛②✐♥❣ ✜rst ❈P ✶ ✇♦✉❧❞ ♣r♦❞✉❝❡ ❛s r❡✈❡♥✉❡
U❙❊ =
√
15/8(β+3/2). ❍❡♥❝❡✱ ✇❡ ❛r❡ ❤❡r❡ t♦♦ ❛❜❧❡ t♦
❞❡r✐✈❡ t❤❡ ♠❛① t❤r❡s❤♦❧❞ ♦♥ β s✉❝❤ t❤❛t ❛ ♥♦♥✲♥❡✉tr❛❧
r❛♥❦✐♥❣ ✇♦✉❧❞ ❜❡ ♣r❡❢❡rr❡❞✿ ✐❢ β < 3/2(
√
15/17 −
1/2)/(1 −
√
15/17) ≈ 10.8633. ❆❜♦✈❡ t❤✐s ✈❛❧✉❡✱ t❤❡
r❡✈❡♥✉❡ ❢r♦♠ s♣♦♥s♦r❡❞ ❧✐♥❦s ✐s t♦♦ ❧❛r❣❡ t♦ ❢❛✈♦r t❤❡
❈P✳ ❲❡ ❝❛♥ ❞r❛✇✱ ✐♥ t❡r♠s ♦❢ β✱ t❤❡ ❈Ps✬ ❛♥❞ ❡♥❣✐♥❡✬s
r❡✈❡♥✉❡s ✭❋✐❣✉r❡ ✸✮✱ ❛s ✇❡❧❧ ❛s ❯❘ ✭❋✐❣✉r❡ ✹✮✳ ❆❜♦✈❡
β = 10.8633✱ t❤❡ s②st❡♠ ✐s ♥❡✉tr❛❧✳
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4. THECASEOFAGENERALSETOFKEY-
WORDS
■t ✐s ♦❢ ♠♦r❡ ❣❡♥❡r❛❧ ✐♥t❡r❡st t♦ ❝♦♥s✐❞❡r λ(r) ❛s t❤❡ t♦t❛❧
r❛t❡ ♦❢ r❡q✉❡sts✱ ♥♦t ❥✉st ❢♦r ❛ s✐♥❣❧❡ ❦❡②✇♦r❞✱ ❜✉t ❢♦r ❛❧❧
♦♥❡s✳ ❲❡ ♣r♦♣♦s❡ ❤❡r❡ ❛ ♠♦❞❡❧ ❢♦r t❤❛t ❝❛s❡✳ ❋♦r t❤❛t
✇❤♦❧❡ s❡t ♦❢ ♣♦ss✐❜❧❡ r❡q✉❡sts✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ s❡❛r❝❤
❡♥❣✐♥❡ ❞♦❡s ❥✉st ❦♥♦✇ ✇❤❡♥ ♦♥❡ r❡q✉❡st ❛rr✐✈❡s✱ t❤❛t t❤❡
s❡t ♦❢ ❈Ps ✐t ✇✐❧❧ ❢❛❝❡ ✐s s✉❝❤ t❤❛t✿ ✭✐✮ ❡❛❝❤ t✐♠❡ ♦♥❧② m ❈Ps
❛r❡ ❝❛♥❞✐❞❛t❡ t♦ ❜❡ ❞✐s♣❧❛②❡❞✳ ❚❤✐s ❝♦✉❧❞ ❜❡ ❣❡♥❡r❛❧✐③❡❞ t♦
❛ r❛♥❞♦♠ m✱ ❜✉t ✇❡ ❦❡❡♣ ✐t ❧✐❦❡ t❤✐s ❢♦r s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t②
✭✐✐✮ t❤❡ r❡❧❡✈❛♥❝❡ ♦❢ ❛♥② s❡❡♥ ❈P ❝♦♠❡s ❢r♦♠ ❛ ❞✐str✐❜✉t✐♦♥
F ✭✐♥❞❡♣❡♥❞❡♥t r❡❧❡✈❛♥❝❡ ❜❡t✇❡❡♥ ❈Ps✮ ✭✐✐✐✮ t❤❡ ❣❛✐♥ ♦❢ ❛♥②
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❡♥
✉
❡s
❯❘ ✭♥❡✉tr❛❧✮
❯❘ ✭♥♦♥✲♥❡✉tr❛❧✮
❋✐❣✉r❡ ✹✿ ❯❘ ✇❤❡♥ t❤❡ ❙❊ ♦✇♥s ❈P ✶
s❡❡♥ ❈P ❝♦♠❡s ❢r♦♠ ❛ ❞✐str✐❜✉t✐♦♥ G ✭✐♥❞❡♣❡♥❞❡♥t ❜❡t✇❡❡♥
❈Ps✮✳
❚❤❡ ❙❊ t❤❡r❡❢♦r❡ ❥✉st ❦♥♦✇s t❤❡ ❣❡♥❡r❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢
❈Ps ✐♥ t❡r♠s ♦❢ r❡❧❡✈❛♥❝❡ ❛♥❞ ❣❛✐♥✱ ❛♥❞ t❤❡ ✐♥❞❡♣❡♥❞❡♥❝❡
❜❡t✇❡❡♥ ❈Ps✳ ❚❤❡ ❛✈❡r❛❣❡ r❡❧❡✈❛♥❝❡ r ✉s❡❞ ✐♥ λ(r) ✐s t❤❡
❛✈❡r❛❣❡ r❡❧❡✈❛♥❝❡ ✭t♦ ❜❡ ❞❡t❛✐❧❡❞ ❧❛t❡r✮ s❡❡♥ ♦✈❡r t❤❡ ✇❤♦❧❡
s❡t ♦❢ r❡q✉❡sts✱ s✐♥❝❡ ✐♥ st❡❛❞②✲st❛t❡ t❤❡ r❛t❡ ♦❢ r❡q✉❡sts ✭✉s❡r
s❛t✐s❢❛❝t✐♦♥✮ ❞❡♣❡♥❞s ♦♥ ❛✈❡r❛❣❡ r❡❧❡✈❛♥❝❡ ❡①♣❡r✐❡♥❝❡❞✳
■♥ t❤❡ ♥❡✉tr❛❧ ❝❛s❡✱ t❤❡ ❛✈❡r❛❣❡ r❡❧❡✈❛♥❝❡ r ❝❛♥ ❜❡ ❞❡r✐✈❡❞
❢r♦♠ ♦r❞❡r st❛t✐st✐❝s ❬✺❪ s✐♥❝❡ t❤❡ r❛♥❦✐♥❣ ✐s ♦♥❧② ❜❛s❡❞ ♦♥
r❡❧❡✈❛♥❝❡✿
r =
m∑
j=1
θj
∫
y
m!
(m− j − 1)! j!F (y)
m−j−1(1− F (y))jf(y)dy.
✭✶✮
❚❤❡ ❛✈❡r❛❣❡ r❡✈❡♥✉❡ ♦❢ ❛ ❈P ✐s E[U❈P] = λ(r)E[θJG],
✇❤❡r❡ J ✐s t❤❡ r❛♥❞♦♠ r❛♥❦ ♦❢ t❤❡ ❈P ✭✉♥✐❢♦r♠ ♦♥ {1, . . . ,m}✱
✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥❧② ♦♥ t❤❡ r❡❧❡✈❛♥❝❡✮✳ ■♥ t❤❡ ❝❛s❡ ✇❤❡♥ r❡❧✲
❡✈❛♥❝❡ ❛♥❞ ❣❛✐♥ ❛r❡ ✐♥❞❡♣❡♥❞❡♥t✱ ✇❡ ❛❧s♦ ❣❡t ✐♥ t❤❡ ♥❡✉tr❛❧
❝❛s❡ E[U❈P] = λ(r)E[θJ ]E[G].
■♥ t❤❡ ♥♦♥✲♥❡✉tr❛❧ ❝❛s❡✱ t❤❡ r❛♥❦✐♥❣ ❞❡♣❡♥❞s ✐♥ ❣❡♥❡r❛❧
♦♥ ❜♦t❤ t❤❡ r❡❧❡✈❛♥❝❡ ✭t❤r♦✉❣❤ t❤❡ r❛t❡ λ(r)✮ ❛♥❞ t❤❡ ❣❛✐♥s✳
▲♦♦❦✐♥❣ ❛t t❤❡ ❝❛s❡ ✇❤❡♥ ♥♦♥✲♥❡✉tr❛❧✐t② ❝♦♠❡s ❢r♦♠ t❤❡
❙❊ ❣❡tt✐♥❣ ❛ ♣r♦♣♦rt✐♦♥ α ♦❢ ❈Ps✬ r❡✈❡♥✉❡s✱ t❤❡ ❣♦❛❧ ♦❢
t❤❡ ❙❊ ✐s t♦ ❞❡t❡r♠✐♥❡ t❤❡ ♦♣t✐♠❛❧ ❢❛♠✐❧② pi ♦❢ ♣❡r♠✉✲
t❛t✐♦♥s✱ ❞❡✜♥❡❞ ❢♦r ❡❛❝❤ ♣♦ss✐❜❧❡ ❝♦♥✜❣✉r❛t✐♦♥ ((R1, G1),
. . . , (Rm, Gm)) ✭❜✉t ❛✈♦✐❞✐♥❣ t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦♥ t❤❡ ✈❛❧✉❡s
t♦ s✐♠♣❧✐❢② t❤❡ ♥♦t❛t✐♦♥s✮✱ ❛s t❤❡ ♦♥❡ s✉❝❤ t❤❛t
pi = ❛r❣♠❛①♣❡r♠✉t✳ δ h(λ(r)) + αλ(r)E
[
m∑
j=1
θδ(j)Gj
]
✇✐t❤ r t❤❡ ❛✈❡r❛❣❡ ♦✈❡r s✉❝❤ ♦♣t✐♠❛❧❧② ❝❤♦s❡♥ ♣❡r♠✉t❛t✐♦♥s
♦❢ r❡❧❡✈❛♥❝❡✳ ❚❤✐s ❝❛♥ ❜❡ s♦❧✈❡❞ ✉s✐♥❣ ❞②♥❛♠✐❝ ♣r♦❣r❛♠✲
♠✐♥❣✱ ✇✐t❤ t❤❡ ❞✐✣❝✉❧t② t❤❛t t❤❡ ✏r❡✇❛r❞✧ ❛ss♦❝✐❛t❡❞ t♦ ❛
tr❛♥s✐t✐♦♥ ❞❡♣❡♥❞s ♦♥ t❤❡ ♦♣t✐♠❛❧ ♣♦❧✐❝② t❤r♦✉❣❤ λ(r)✱ ❛
♥♦♥✲❝❧❛ss✐❝❛❧ ❛ss✉♠♣t✐♦♥✳
■♥ t❤❡ ❝❛s❡ ✇❤❡♥ ♥♦♥✲♥❡✉tr❛❧✐t② ❝♦♠❡s ❢r♦♠ t❤❡ ❙❊ ♦✇♥✐♥❣
❛ ❈P✱ t❤❡ ✐❞❡❛ ✐s t♦ ❣❡t t❤❡ ♦♣t✐♠❛❧ ❢❛♠✐❧② pi ♦❢ ♣❡r♠✉t❛t✐♦♥s
pi = ❛r❣♠❛①♣❡r♠✉t✳ δ h(λ(r)) + λ(r)E

 m′∑
j=1
θδ(j)Gj

 .
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